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A mixed (electroosmotic and pressure-driven) flow microchannel heat sink has been studied and opti-
mized with the help of three-dimensional numerical analysis, surrogate methods, and the multi-objective
evolutionary algorithm. Two design variables; the ratio of the microchannel width-to-depth and the ratio
of fin width-to-depth of the microchannel are selected as the design variables while design points are
selected through a four-level full factorial design. The single-objective optimization is performed taking
overall thermal resistance as the objective function and Radial Basis Neural Network as the surrogate
model while for multi-objective optimization pumping power is considered as the objective function
along with the thermal resistance. It is observed that the optimum design shifted towards the lower val-
ues of the ratio of the channel width-to-depth and the higher values of the ratio of fin width-to-depth of
channel with increase of the driving source. The trade-off between the two conflicting objectives has
been found and discussed in detail in light of the distribution of Pareto-optimal solutions in the design
space. The ratio of channel width-to-depth is found to be higher Pareto-sensitive (sensitivity along the
Pareto-optimal front) than the ratio of fin width-to-depth of the channel.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The last decade has witnessed the development of electroos-
motic flow (EOF) capabilities to assist the flow-drive in micro de-
vices used in many industries e.g., medicine and chemical and
electronics. Laser and Santiago [1] carried out a survey of micro-
pumps and found that electroosmotic micropumps provide favor-
able flow rates and pressure head and emerging as a viable
option for a number of applications including integrated circuits
thermal management, although the working fluid should be elec-
trically inert to avoid any event of accidental leakage [2].

Recent studies found the numerical predictions within the
experimental uncertainties, although certain scaling effects can
be of different importance for microflows. Mala et al. [3] investi-
gated effects of electric double layer (EDL) field and channel size
on the velocity and temperature distribution, streaming potential,
apparent viscosity and heat transfer coefficient by solving Poisson–
Boltzmann equation. Arulanandam and Li [4] characterized the
flow on the basis of cross-section ion concentration and zeta po-
tential using two-dimensional Poisson–Boltzmann and two-
dimensional momentum equations in the absence of significant
Joule heating. Morini et al. [5] investigated the effect of electroos-
motic diameter and geometry aspect ratio on the cross-sectional
Nusselt number for trapezoidal and rectangular microchannel heat
sinks for a low heat removal rate.
ll rights reserved.
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Although, the above studies have characterized thermal trans-
port for EOF, very little attention has been given to three-dimen-
sional numerical simulation of mixed EOF and pressure-driven
flow (PDF) microchannel heat sink taking into account tempera-
ture dependent fluid properties and Joule heating effects. Recently,
the three-dimensional numerical optimization of the microchannel
heat sink has been performed under constant pressure and con-
stant pumping power [6] and evolutionary algorithms [7] have
been used as the effective tools for generating global Pareto-opti-
mal front in various engineering designs including microchannel
heat sinks [8].

The current study explores the application of the surrogate
model to optimize the microchannel heat sink for the mixed EOF
and PDF. For single-objective optimization, Radial Basis Neural
Network (RBNN) [9] as an approximation model with sequential
quadratic programming (SQP) implemented in MATLAB [10] are
used to find out the optimum solutions. The multi-objective opti-
mization is performed using hybrid multi-objective evolutionary
algorithm (MOEA) in combination with three-dimensional
Navier–Stokes analysis and a Response Surface Approximation
(RSA) [11] model. The global Pareto-optimal front is explored to
get inside of the trade-off analysis between the two competing
objectives.

2. Geometric and numerical model

The model of the rectangular microchannel heat sink, as shown
in Fig. 1, investigated by Husain and Kim [6,8] for PDF has been
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Nomenclature

As surface area of the substrate base
cp specific heat
dh hydraulic diameter of the channel
E electric field
e fundamental electric charge
hc microchannel depth
k thermal conductivity
kb Boltzmann constant
ke electrical conductivity
lx, ly, lz length, width and height of the heat sink, respectively
n1 ionic number concentration in the bulk solution
P pumping power
p pressure
q heat flux
Rth thermal resistance
T temperature
u liquid velocity in the microchannel
wc width of the microchannel
ww fin width
x, y, z orthogonal coordinate system

zb number of valance

Greek symbols
a design variable, wc/hc

b design variable ww/hc

e permittivity of the fluid
l dynamic viscosity
q density
qe electric charge density
w electric potential due to charge distribution within the

Debye layer

Subscripts
cal Calorific value
cond conductive value
conv convective value
f fluid
max maximum value
over overall value
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extended to study the mixed EOF and PDF. In the microfluidics de-
vices when an ionic fluid comes in contact with the charged surface
the counter-ions present in the fluid move towards the solid sur-
face and form an EDL, but outside the EDL both co-ions and coun-
ter-ions have equal concentrations. The diffuse layer of the EDL is
activated and movement of the ions takes place when an external
electric field is applied to the microchannel. The balances between
the electroosmotic force on the ions and viscous drag force on the
fluid in a steady state result in plug-like velocity profile. The elec-
troosmotic force due to electric field is treated as a body force in
the Navier–Stokes equations and therefore, resulting governing
equations for microchannel can be written as:

Momentum : ðu � rÞqf u ¼ �rpþr:ðlfruÞ þ qeE ð1Þ

The source term qeE represents electroosmotic force. The distribu-
tion of charge in the EDL describes the net charge density qe. The
EDL model of Arulanandam and Li [4] is used to describe the distri-
bution of charge density as:

r2w ¼ �qe=e ð2Þ

Using the equilibrium Boltzmann distribution equation to describe
the ion concentration, the charge density for a symmetric electro-
lyte can be defined as follows:

qe ¼ �2n1zbe sinh � zbe
kbT

w

� �
ð3Þ
Fig. 1. Schematic of the microchannel heat sink.
The temperature field can be obtained solving following energy
equation for fluid:

u � rðqf cp;f Tf Þ ¼ r � ðkfrTf Þ þ E2ke ð4Þ

No-slip (u = 0) boundary conditions are applied at the channel
walls. Pressure boundary conditions are applied at the inlet and exit
of the microchannel heat sink. The electric potential at the channel
walls is assigned equal to the zeta potential as 0.2 V. The flow is as-
sumed to be steady and laminar and a uniform heat flux is applied
at the bottom of the heat sink. The numerical simulations are car-
ried out using a commercial finite volume solver CFX 11.0 [12] hav-
ing Semi-Implicit Method for Pressure Linked Equations (SIMPLE)
algorithm [13] for pressure correction. Thermophysical and electri-
cal properties [14,15] of the coolant liquid (water) are allowed to
vary with temperature [8] and Joule heating and viscous dissipation
have been included to take into account the micro-scales effects.

3. Optimization techniques

The shape of the microchannel is optimized by constructing two
design variables i.e., a and b, where a is defined as wc/hc and b is
defined as ww/hc. A four-level full factorial design is used to exploit
the design space with limits 0.1 6 a 6 0.25 and 0.04 6 b 6 0.1.

The heat transfer performance of the microchannel heat sink is
studied in terms of overall thermal resistance and pumping power
which are set as objective functions to minimize. The overall ther-
mal resistance for a fully developed flow microchannel heat sink is
defined as:

Rth;over ¼ Rth;cond þ Rth;conv þ Rth;cal ¼
DTmax

qAs
ð5Þ

The pumping power required to drive the fluid through microchan-
nel heat sink can be defined as [6]:

P ¼ nAcd2
hDp2

2cllx
ð6Þ

Here n is the number of microchannels, Ac is the cross-section area
and c is the friction factor of the microchannel.

The objective functions, viz., thermal resistance and pumping
power, are evaluated numerically at the designed sites at various
levels of pressure drop and electric field. For the detail of the opti-
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mization procedure readers can refer to Husain and Kim [6,8]. The
surrogate model, RBNN is trained using the discrete numerical
solutions in the design space for single-objective (thermal resis-
tance) optimization. The response of the RBNN is checked through
leave-one-out cross-validation which is also known as PRESS (Pre-
diction Error Sum of Squares) in the polynomial response surface
terminology [11]. In the microchannel heat sink an increase in ap-
plied pumping source leads to decrease in thermal resistance. This
exhibits competing nature of thermal resistance and pumping
source which requires simultaneous optimization of both the
objective functions. The multi-objective optimization requires
objective function values at many locations to find out the Pare-
to-optimal solutions. Therefore, to avoid numerical expenses RSA
methodology is applied to predict the objective function values
anywhere in the design space. A hybrid multi-objective evolution-
ary approach is used to obtain global Pareto-optimal solutions [7].
In this method first Pareto-optimal solutions are obtained with the
help of real coded NSGA-II (Non-dominated Sorting Genetic Algo-
rithm-II) [7] for two objective functions; thermal resistance and
pumping power. These Pareto-optimal solutions are then refined
by searching a local optimal solution for each objective function
over the whole NSGA-II obtained optimal solutions using SQP with
NSGA-II solutions as initial guesses. The representative solutions
out of the global Pareto-optimal solutions are found out by apply-
ing k-means clustering algorithm [16].
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Fig. 2. Comparison of present numerical results with analytical and previous
numerical solutions: (a) flow rate at pure EOF and (b) fully developed Nusselt
number at pure PDF and pure EOF.

Table 1
Design variables at different optimum points obtained at changing pumping source.

Dp (kPa) Ex (kV/cm) a b Rth (K/W)

7.5 10 0.250 0.060 0.1865
7.5 15 0.250 0.062 0.1799
7.5 20 0.250 0.062 0.1776

10 10 0.249 0.078 0.1703
15 15 0.185 0.066 0.1435
4. Results and discussion

A 121 � 25 � 61 unstructured hexahedral grids is used for the
fluid domain with a total of 252000 elements (for both fluid and
solid) for a typical design; a = 0.175 and b = 0.075 for both EOF
and PDF after carrying out a grid independency test. The numerical
solutions are converged below a residual value of 10�6 for electric
potential, velocity, pressure and temperature. It was found that for
a 145 � 41 � 97 grid with a total of 660000 elements the change in
Nusselt number was about 1% while for 101 � 18 � 44 grid with a
total 147500 elements the change in Nusselt number was more
than 3%. The validation of the pure PDF has been reported in the
previous study by Husain and Kim [6,8]. The further validation of
pure PDF and pure EOF has been performed and the solutions are
compared for the flow rate and Nusselt number with the analytical
[4,17,18] and numerical [5] results as shown in Fig. 2.

The values of design parameters of the RBNN namely Spread
Constant (SC) and Error Goal (EG) are set 0.2 and 5.0 � 10�5,
respectively, for a typical case of driving source Dp = 10 kPa and
Ex = 10 kV/cm. The optimum design of the microchannel is
searched with the help of constructed RBNN and SQP at various
source values of pressure head and electric field as shown in Table
1. The higher values of a leads to the higher flow rate due to elec-
troosmosis which results in lower caloric thermal resistance. The
thermal resistance due to convection is inversely proportional to
the heat transfer coefficient (h) and area subjected to convective
heat transfer (As,f). Furthermore, the area subjected to convective
heat transfer is directly proportional to a for a fixed value of micro-
channel length (lx) and height (hc). Therefore, increase of mean
fluid velocity (uavg) or a leads to decrease overall thermal resis-
tance due to lower convective thermal resistance. For mixed flow
at lower pressure head the optimum point lie at the higher value
of a and it shows almost no variation with increase of electric field.
On the other hand, increase of pressure head leads to the increase
of mean velocity which reduces the convection thermal resistance
as well as caloric thermal resistance. Therefore with increase of
pressure head the optimum design shifts towards the lower value
of a. The optimum design is found near the higher value of a under
the limited pressure head value. At higher pressure head values the
optimum design shifted towards the lower value of a and higher
value of b within the design space explored.

The above study shows the dependency of the optimum design
to pressure head and electric field. Therefore for global optimiza-
tion of the microchannel heat sink both pressure head and electric
field should be considered as objective functions along with the
overall thermal resistance. This gives rise to a problem of
multi-objective optimization. The micropump pressure-discharge
characteristics further added complexity to the optimization of
microchannel heat sink and its realization to practical design. In
this line a multi-objective optimization of the microchannel heat
sink has been performed in this study taking pumping power
and thermal resistance as objective functions. For a typical case
covered in the present work pressure head and electric field ap-
plied at the inlet of the microchannel heat sink are set 10 kPa
and 10 kV/cm, respectively.
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The analysis of variance and regression analysis provided by t
statistics [11] are implemented to measure the uncertainties in
the sets of coefficients of the polynomials in the RSA models. The
values of R2, R2

adj and root mean PRESS are kept 0.993, 0.989 and
7.37e�3, respectively for thermal resistance and 0.999, 0.998 and
5.37e�5, respectively for pumping power. The present study ap-
plies the model of MOEA used by Husain and Kim [8]. A real coded
NSGA-II is invoked to obtain well spread approximate Pareto-opti-
mal solutions with 250 generations 100 populations. The crossover
and mutation probabilities are set to 0.85 and 0.2, respectively. The
crossover and mutation parameters are decided as 15 and 150,
respectively. These parameters are adjusted one by one to suit
the nature of the problem. After a local search, there are 679 opti-
mal solutions which are called as global Pareto-optimal solutions.
Five representative clusters are formed applying K-means cluster-
ing as shown in Fig. 3 along with the NSGA-II and global Pareto-
optimal solutions. The shape of the Pareto-optimal front obtained
by hybrid MOEA is concave in nature which suggests the compet-
ing nature of the two objective functions as shown in Fig. 3(a). The
improvement of one objective functions leads to the deterioration
of the other objective function. Lower thermal resistance is ob-
tained at higher pumping power and vice versa. It can be con-
cluded that no solution out of the 679 Pareto-optimal solutions is
superior to other in both objectives since each solution is global
Pareto-optimal solution.

The sensitivity analysis of the design variables along the Par-
eto-optimal front is performed by plotting the design variables
corresponding to the five clusters. The characteristic variation
of the design variables along the Pareto-optimal front corre-
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Fig. 3. (a) Pareto-optimal front for thermal resistance and pumping power. (b)
Distribution of design variables along the Pareto-optimal front.
sponding to the cluster points is shown in Fig. 3(b). This analysis
gives designer a freedom to economically choose the combina-
tion of the design variables and their corresponding objective
functions. It is observed that a shows continuously increasing
characteristic while b shows alternating decreasing and increas-
ing characteristic with increase of pumping power along the Par-
eto-optimal front. Although both of the two design variables are
Pareto-sensitive (variation of the design variables along the Par-
eto-optimal front) and their values change with a change in
pumping power, design variable a is found to be more Pareto-
sensitive than b.

5. Conclusion

The present study demonstrates the model of the optimization
of electroosmotically assisted pressure-driven microchannel heat
sink. The electroosmosis can be efficiently used to assist the driving
source to enhance the performance of the microchannel heat sink.
Two design variables related to the microchannel width, depth and
fin width are defined and the design points are selected using four-
level full factorial design. The numerical solutions at these design
points are obtained to construct surrogate models, viz., Radial Basis
Neural Network and Response surface Approximation. The opti-
mum design is found to shift towards the lower values of the
channel width-to-depth ratio and higher values of the fin width-
to-depth ratio of the microchannel with increase of driving source.
Global Pareto-optimal front is obtained using hybrid multi-objec-
tive evolutionary algorithm which shows existing trade-off. The
ratio of the channel width-to-depth is found to be higher Pareto-
sensitive (variation of the design variables along the Pareto-opti-
mal front) than the ratio of fin width-to-depth of the microchannel.
The trade-off between objective functions and Pareto-sensitivity of
the design variables can be utilized to economically design the
microchannel heat sink.
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